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Para entender la estructura de un dado e-t cosmologico, podemos
estudiar como el campo gravitacional afecta a una familia de geodésicas

(que pueden representar por ejemplo el movimiento de fotones o particulas
de fluido).

Con la 4-velocidad comovil (que se toma como aquella que anula al
dipolo del CMB) definida por

podemos definir los proyectores

Uty = —uup = UUS = U, U = 1, Unptt” = uy, RETeIEER

i

Hap = Zap + Ugltp = h%:h = h%. h® = 3, hgpu” = 0.

perpendicular a u

ds?: = ga da°d2® = ko dze do® — (u,dze)?;
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Usaremos dos derivadas:

VeT“eq = h® ¢hP ohP ch9 gh” (N, T2 .

Spacelike _
hypersurface

— Simultaneity surface
in local Lorente rame

Worldline
of observer 4

'FT:FT‘PJL*“% 9,

Y+ oy —{y — const}

us X 4%, .




. a i
,LYG — an ub — {a(axu/ayr ayr}!amb + I"abs[amﬂ)‘ayr ay')} a_i:; —

= {0(0x°/0s)/0x° + I, Ox®/Os} %g Sy” = us, X,

0%x°/0y” 0s = o*x°[dscy” and ['%, = [",.

Vector posicion relativa

Vector velocidad relativa

FCAGLP 2019



eab — Btab} y Wap = Wiap)

Our = Oar + %ﬂhaa ’
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Vaub = —tgliy + Vauy = —uglty + ji,(;.}izf-.- b+ Oab + wab

= O(ab)s Oagblt”

lff_;'{i' ,‘I_? = {L;'I il ,‘I_? ] 5 l‘:f_;'{i- IJ'__} I b = I:_]'
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X=n“ol n n'=lI, (01 )=h XX

hub{n’b) f = ({Uub “I" Jab - (Ucd ne ﬂ'd} hub) ny .
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Cantidades cinematicas

describe cambios en el volumen del fluido

describe la distorsion del fluido

wap = Vialp| describe la rotacion del fluido (com relacion a un sist. de ref.
sin rotacidn que se propaga paralelamente)

Fig. 1. — During a small time interval, a) the action of 6 alone transforms a fluid sphere
to a similar sphere of different volume but with the same orientation. b) The action
of ¢, alone distorts the sphere, leaving ita volume constant and the directions of the
principal axes of shear unchanged. ¢) The action of w, alone i8 to give a rigid rotation
leaving one direction (the axis of rotation) fixed. As time progresses the directions of
the principal axes of shear and of the axis of rotation will, in general, change.




abe

LA e = wau® = 0, wype’ = 0,

Nabe = u' Ndabe = Nabc = N|abc]- ”ci‘#’;c‘HL = 0,

Nabed = MNlabed]> M0123 = /| det gap|)

-

w- = —.l,[fr_'r_:'i-,- ;__}ir_:l'!'"'r"}':} >0, 0 2 — %[fr.r“. el ':"'b-:] > (),

En el caso de la métrica de FLRW,
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La ec de Raychaudhuri

Multiplicando por u“:

(ua;c) — i"’ﬂ;c + un;dud;c + Rahcdubud =0.

Proyectando y usando la definiciéon de v , :

hac hbd(_v cd) — ﬂ'a ﬁ'h T hac hbd ﬁ’c .d + Vad ?-"db _l_ Racbd ucu®=0.

Tomando la traza en a y b (y considerando aceleracion cero):

do 1
EV.0 == —=0% — 040% + ww® — R &

dr 3
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df |
fcv.:.-ﬂ E — = _._..32 — ﬂ.ﬂbo,ab + ﬂ-’abmﬂ _ Rcdfcgd

dr 3

Usando las ecs de Einstein :

1

== (p+3p)+ A

En el caso de la sol. de FLRW:

S100<0,0 — oopara algun T — singularidad.
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LEMMA 9.2.1. Let £° be the tangent field of a hypersurface orthogonal timelike
geodesic congruence. Suppose R, £°¢6° = 0, as will be the case if Einstein’s
equation holds in the spacetime and the strong energy condition is satisfied by

the matter. If the expansion @ takes the negative value 6, at any point on a
geodesic' in the congruence, then 8 goes to —o along that geodesic within
proper time 7 = 3/| 6,].
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VNOoOYm |_"-."J VEeCor Iorm. v
h[v]{dn,dn) projection tensor, iy,
acc[v] 'qu':i' acceleration, a® :

= [v] expansion scalar, & ;

shear[v] {(dn,dn) shear tensor,

shear [v]

vor Lv] (dn,dn)

vor [v] (up)

vor [v] vorticity scalar, w

RayEqn[v] Rayvehandhuri’s equation.

— R =0V, 0 — Voa® + 02 + (o2 — )

Elv]{dn,dn) electric part of the Weyl tensor,

B o= O

Hlw]{dn,dn) magnetie part ot the Weyl tensor,

woveetor (see also FRil ling).
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El universo de Godel (1949)° SR e 3 4
- . s s .
. (], — 5R9a5)+hgnn = 877, : e

Podemos estudiar las propiedades de 1a métrica haciendo z = cte.
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- : -
- ‘ ‘

- exp ((4/2) wx) = cosh 2r + ﬂ ¢ sinh 2,
wy exp ((4/2) wx) = sin ¢ ginh 27,
tan (¢ + wt— (,/2)t') = exp (— 27) tan 4¢,

(sinh®r —sinh?7) d¢® + 2(,/2) sinh? r d¢ dt),
)

' —w{t<m,0£f{m,&nd0$¢~‘€2“r .

L
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2_[dt +H (x)dp)2 — DU x)dy? —dx* —dz2 88

-

+ El espacio-tiempo de Godel es hn}tlﬂgenen
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Hr)= L
m

. .9 | mF
gsinh? | —
2

D(r)= isinh

i

— arcsinh(1)
T
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Definiendo objetos em el GRTensor - El comando grdef()

Dos formas del grdef:

> grdef ( ‘A{a b}‘ ): A(dn,dn)

> grdef ( ‘G2{a b} := R{a b} - (1/2)*Ricciscalar*g{a b} + lambda*g{a b}‘ ):

grdef crea el tensor pero no calcula sus componentes — grcalc

grdef ( defString, [symSet], [asymSet], [rsumSet] )

a, b, c, ...

"a, “b, “c, ...

indices (@), (), (e, ...
“(a), “(b), “(c), ...
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Los nombres de los indices em la definicion no pueden tener valores asignados
en cualquier otra parte de la hoja.

Derivadas:

il l’z__j s
R b -— —RJ'L

drc

R{"a b ,c}:
R{"a b ;c}:

Rﬁl b;c -= Rﬂl b,e — F}{c Rﬁl d + F}ftfﬂdf

o RI @) (b)

:_j rd N

R{“(@) () ,(c)}: Ry (= .
b R4 = B0 ) = YDy B @) + 7 oy B o)

R{"(a) (b) ;(c)}:

Algebra:

(Rmd+f )GabGed)

(1/2) * (R{a b c d} + f(x)*g{a b}*g{c d} )
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Contraccion:

Top = O(RyeqnB°%), [l > grdef ( ‘Tif{a b} := R{a c d b}*R{"c "d}* ):

> grdef ( ‘T{a b} := Box[Ti{a b}]‘ ):
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Simetrizacion Ig (bed) +— {T ( —T:c bed + I—I_:."c.cd.iir -+ j_::'e-fﬂile + 1_::':.{1' de + —T:c deb -+ ﬂldf )
bed, 3

Antisimetrizacion

Iz [bed] .= E (Iz bed + j_::'c.nﬂi' + Ii dbe — JT:: bde — 1_::':-{'1'.:?{1' — ﬂl de )

R{"a b c (d}*R{e) £}
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Taon@y= 5 (Labed + Tades)

9

=]

Simetrias

> grdef ( ‘A{ (a b) (C d) }‘ ) . "ilr:'e.iiled. — "il{ih:'c.fd. — "ilr_"c.fildf — i'iliin_’e.de'

*"LL.":. bed — *"iliilfr."i- d — *hlc abd — _:1 achd — _*"LLEZI acd — — *"ilfiil ad -

> grdef ( ‘A{(a b))} := B{{(a b)}* ):
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> grdef ( ‘A{a b c d}‘, sym={[1,2],[3,4]} ):

*"ilr:'z.lilfd. — *"illfilﬂ.f d — *-1 abde — *"iliilr."t-{'fc .

> grdef ( ‘A{a b c d}‘, sym={[2,3,4]} ):

*"ilr."c. bed — *"ili'i-i‘ ab — 4-1 adbe — J'ilr."z.lil de — *"ilr:'t.elild — i'ili'c.d.ﬂ} .

> grdef ( ‘A{a b c}‘, asym={[1,2]} ):
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El comando no permite crear simetrias em grupos de indices, tal como

Pero podemos definir tensores com la misma simetria de uno ya definido:

> grdef ( ‘T{a b ¢ d}‘, symfn=R(dn,dn,dn,dn) ):

Vectores: como hasta ahora o > grdef ( ‘v-a := [0,0,0,1]° ):
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> grdef ( ‘v{"a} := f(t)xkdelta{"a $t}‘ ):

> grdef ( ‘v{~a} := [0,0,0,£f(t)]‘ ):

Tap := P(r,t)gap + (P(r,t) + p(r,1))3" 0%,

> grdef ( ‘T{(a b)} :=
P(r,t)*g{a b} + ( P(r,t) + rho(r,t) )*kdelta{a $t}*kdelta{b $t}‘ ):
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Los objetos definidos pueden ser grabados:

grsavedef ( objectSeq, fileName )

> grsavedef ( G2(dn,dn), T(dn,dn,dn,dn), ‘newdefs.mpl‘ ):

grloaddef ( fileName )

FCAGLP 2019



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27

